Abstract: We propose a nite element method for approximating the non-linear equations describing the electromagnetic eld in a ferromagnetic material. Using energy arguments, we prove an optimal convergence rate for the method assuming a su ciently smooth electromagnetic eld. We also verify that the nite element solution satis es various conservation conditions appropriate to the continuous problem. Finally, we provide some numerical examples. Mots-cl e : Equations de Maxwell { loi de Landau-Lifchitz-Gilbert { el ements nis { estimations d'erreur.
In order to model the electromagnetic behavior of a ferromagnetic material, the basic Maxwell system must be augmented by an equation describing the in uence of the ferromagnet. We suppose that the ferromagnetic material occupies a bounded domain R 3 . The electromagnetic eld in is described by four vector functions of position and time: E, the electric eld, H the magnetic eld, B the magnetic induction and M the magnetization. The magnetic variables are related as follows:
(1) where 0 is the magnetic permeability of free space.
The standard Maxwell equations are satis ed throughout so that 0 @E @t ? r H = ?J (2) @B @t + r E = 0:
Here 0 is the permeability of free space and J is the current density. We shall assume a non-conducting ferromagnet, but a conducting ferromagnet can also be modeled by adding an Ohms law term. This does not complicate the numerical algorithm (variable is also simple to implement).
To complete the system of equations, we need an equation for the magnetization M. This is provided by the Landau-Lifchitz-Gilbert equation (denoted LLG in this paper). This states that @M @t = j j
+ 2 H T (H; M) M + M jMj (H T (H; M) M)
; (4) where is the gyromagnetic factor, is the damping constant, and H T (H; M) is the total magnetic eld in the ferromagnet. This total eld arises from a number of contributions. The magnetic eld is augmented by a given static eld H s . However ferromagnets also have an anisotropic behavior. There is a preferred direction, called the easy axis, in the direction of a vector p. Let P(M) denote the projection of M on the plane perpendicular to p so that
Then the eld of anisotropy is proportional to P(M). Thus
where K is a constant characterizing the material. In this paper we shall assume K to be independent of position, but in reality K might depend on position. We neglect one further contribution to the total eld, called the exchange eld. For the applications we have in mind which are mainly modeling radar absorbing materials for stealth applications, this eld is not important. Examples of materials of this type are ferrites or garnets which are used in the microwave domain as shifters or circulators for example. For a more complete discussion of the model, see for example 1, 8] , and for a models including the exchange eld see 20] .
An important consequence of the LLG equation is that the the norm of M is independent of time. To see this, at least formally, we take the dot product of the LLG equation (4) jM(x; t)j = jM(x; 0)j:
Using the equations (1), (2) , (3) and (4) For simplicity, we shall assume that the boundary of is perfectly conducting. In fact, when we discuss numerical results, we will show how to incorporate impedance boundary conditions. Thus E = 0 on ? = @ (10) where is the unit outward normal to . In this model, the ferromagnet occupies exactly the region of space where M 6 = 0. So, because of the pointwise conservation of the norm of M, the extent of the ferromagnet is determined by the initial distribution of magnetization.
The Maxwell-LLG system has been studied by Joly and Vacus 5, 7, 6] who have established existence and uniqueness for the system in a variety of settings, and have analyzed linearizations of the Maxwell-LLG system. In 5], Joly and Vacus show how a nite di erence scheme can be used to compute a solution of the Maxwell-LLG system in 1D, and they prove convergence of the scheme. This scheme can also used in 2D and 3D 6]. Apart from this work, all the work on discretizing the Maxwell-LLG system has involved special cases ( = 0, 10, 18, 21, 3]), linearization or saturation assumptions 9, 10, 18, 17, 16, 3, 18, 10] ). In this paper we will show how to construct 2D and 3D nite element methods for the full problem. We shall also provide some preliminary analysis of the method. The analysis is based on the work of Monk 11] , but the analysis here is more di cult since the problem is non-linear. In particular we show how a certain class of nite element methods can be used to approximate the Maxwell-LLG equations while preserving energy decay and the norm of M. This allows us to prove error estimates. RR 
To obtain a variational scheme we proceed formally to multiply (6), (7) and (8) by test functions and integrate over . Then integrating the curl term in (6) by parts and using the boundary data (10) we obtain a suitable problem. In particular, for a given nal time T > 0, we seek (15) subject to the initial conditions in (11) . As mentioned in the introduction, the existence and uniqueness of solutions to the 1D Maxwell-LLG equation has been studied by Joly and Vacus. Here we shall simply assume the existence of a unique solution to the above variational problem (we shall prove uniqueness shortly) in the indicated spaces. Later, when we prove error estimates, we shall make further smoothness assumptions on the solution su cient for error estimates to hold.
The error analysis of the nite element method is based on a simple continuous dependence result for the Maxwell-LLG equations. Next we prove this result under the assumption that (17) and that (1 + ) 1 + 2 (jH s j + jM 1 j + jM 2 j + jH 2 j) is also a possible choice.
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Proof. of Theorem 2.1]. We note that by the linearity of (6) and (7) 
A Numerical Scheme
The main point of this paper is to propose and analyze some nite element schemes for approximating the Maxwell-LLG equations. We start by describing a variety of di erent nite elements that t into the general framework we use. Let h be a mesh of of regular and quasi-uniform elements of maximum diameter h. At this stage the mesh could either consist of tetrahedral or hexahedral elements.
Using the mesh h , we will construct nite element spaces U h H 0 (curl; ) and V h 
INRIA where ( ; ) h is a suitable discrete inner product depending on the space V h .
Tetrahedral elements
If the mesh is made of tetrahedra, we propose to use edge elements to approximate the electric eld, and discontinuous elements for the magnetic eld and magnetization. We shall describe two suitable elements based on the Mur-N ed elec family 13, 15]. The rst element is described in some detail since it is the one we use in our computations and we also need to de ne some notation for the upcoming error estimate. Let P k denote the space of polynomials in x, y and z of total degree at most k.
Linear Tetrahedral Elements
We approximate the electric eld by piecewise linear polynomials so that U h = u 2 H 0 (curl; ) j u 2 (P 1 ) 3 :
The degrees of freedom for this space are the average value and rst moment of the tangential component of the electric eld along each edge in the mesh (see 14] and Figure 1 This element can be extended to curvilinear tetrahedra using the method of Dubois 4] (the paper of Dubois is for rst kind edge elements 14], which could also be used to discretize the electric eld).
For the magnetic variables we use piecewise constants
The degrees of freedom for this space are the value of the eld at the centroid of each element. Finally we need to de ne a suitable discrete inner product. If a K is the centroid of tetrahedron K, and if we de ne the discrete inner product
then this inner product coincides with the exact inner product on V h since the quadrature integrates linear functions exactly so (u h ; v) h = (u h ; v h ) 8u h ; v h 2 V h : We also de ne the following discrete seminorm on suitably smooth function u:
This is exactly the standard (L 2 ( )) 3 norm for functions in V h . A particular attraction of this element is that it can be partially mass-lumped (see section 7), yet also handle anisotropic material properties.
Quadratic Tetrahedral Elements
We approximate the electric eld by quadratic polynomials so that U h = u 2 H 0 (curl; ) j u 2 (P 2 ) 3 :
The degrees of freedom for this space are the average value, the rst and second moments of the tangential component of the electric eld along each edge in the mesh, and suitable moments on each face (see 15] and Figure 2 ). For this element (23) is satis ed with p = 2. For the magnetic variables we use piecewise linear
The degrees of freedom for this space are the value of the eld at four points in the element.
These are chosen to give an accurate discrete inner product. Let a K be the centroid of element K having vertices fa K i g 4 i=1 . Then the four interpolation points are (24) is satis ed with p = 2. We use the interpolation points to de ne the discrete inner product
This inner product coincides with the exact inner product on V h since the quadrature integrates quadratic functions exactly so
In comparison to the linear element, this element su ers from the disadvantage that it can not be mass-lumped.
Hexahedral elements
If the mesh is made of hexahedra, we still propose to use edge elements to approximate the electric eld, and discontinuous elements for the magnetic eld and magnetization. We shall 
Linear Hexahedral Elements
We approximate the electric eld by anisotropic piecewise polynomials: For the magnetic variables we use piecewise trilinear
The degrees of freedom for this space are the value of the eld at the two point tensor product Gauss points. Estimate (23) is satis ed with p = 1 (and with p = 2). To de ne the discrete inner product, let K i;j;k 1 i; j; k 2 be the tensor product Gauss points in hexahedron K, then we de ne the discrete inner product 
Quadratic Hexahedral Elements
The linear hexahedral element is the rst of a family of elements. Next we describe the quadratic element in this family, and leave higher order elements to the reader. We approximate the electric eld by U h = fu 2 H 0 (curl; ) j u 2 Q 1;2;2 Q 2;1;2 Q 2;2;1 g :
The degrees of freedom are described in 14] and Figure 4 . Estimate (23) is satis ed with p = 2.
For the magnetic variables we use piecewise tri-quadratic polynomials:
Estimate (24) is satis ed with p = 2.
To de ne the discrete inner product, let K i;j;k 1 i; j; k 3 be the 3 3 tensor product Gauss points in hexahedron K, then we de ne the discrete inner product
where w i;j;k , 1 i; j; k 3 are the quadrature weights for the tensor product formula on 0; 1] 3 .
General Comments on Suitable Finite Elements
The nite element spaces, and the discrete inner product that we have suggested above have the following properties:
The discrete inner product is computed using quadrature on each element in the mesh. The quadrature points are assumed to coincide exactly with the degrees of freedom for V h . The inner product coincides with the (L 2 ( )) 3 inner product on V h . With these properties (and suitable interpolation operators) we can prove the error estimates in the next sections.
Perhaps the most obvious scheme that does not t into our frame-work is the 3D nite element analogue of the method used in 6]. This corresponds to using the linear edge space on hexahedra, and a piecewise constant space for the magnetic variables. This does not satisfy r U h V h .
Conservation Properties of the Semi-discrete Scheme
The numerical scheme conserves the magnitude of the magnetization at the quadrature points of the discrete inner product. This is the discrete analogue of (5).
Lemma 4.1 Let a i be a quadrature point for the integration scheme used to compute the discrete inner product. For each time t, jM h (a i ; t)j = jM h (a i ; 0)j In particular, kM h k 1; is bounded independent of t and h. The method also conserves the energy of the electromagnetic eld, again mimicking the continuous case (see 5] and the result is proved.
Error Estimates
In this section we prove error estimates for the semi-discrete problem. Let us de ne the error
Also let w h : (L 2 ( )) 3 Now using the linearity of (20) and (21) 
INRIA Now we estimate the second two terms on the right hand side of (27). Using the equivalence of the discrete and continuous inner products on V h and (22) Using the Gronwall inequality shows that k(E ? E h )(t)k 2 + k(H ? H h )(t)k 2 + jjj(M ? M h )(t)jjj 2 A(T) 2 exp ( T t) :
6 Fully Discrete Scheme
We choose an explicit/implicit time-stepping scheme that guarantees the conservation of the norm of M h pointwise. In fact, if mass lumping is used, the scheme only requires a local system be solved at each interpolation point for M h and hence the scheme can be time stepped rapidly.
Let t > 0 be the time step. Then we wish to compute (E If t=h is chosen small enough that 1 2 ? C t 4h > 0 the method is stable. Note that the constant C is independent of h and t but does depend on the shape of the tetrahedra in the mesh via the quasi-uniformity assumption.
Numerical Results
This is not the place for elaborate numerical results. Instead we show the results from a simple validation problem that reduces to a one dimensional model problem similar to that studied in 5]. This problem demonstrates some of the features that make ferromagnetic layers interesting.
The code uses the linear tetrahedral elements described in section 3.1.1. One major modication compared to the theory presented in the previous sections is that we approximate the exact inner product E (n+1) h ? E n+1 h t ; h ! in (32) using element-wise quadrature in which the vertices of the tetrahedra are used as quadrature points. This has the e ect of decoupling degrees of freedom for the electric eld at di erent vertices. Thus E (n+1) h can be computed by solving a series of small matrix problems associated with each vertex. We term this \partial mass lumping". We expect, but have not proved, that this quadrature will preserve the order of convergence of the method (see 2] for a discussion of quadrature error e ects on elliptic problems).
The domain is shown in Figure 5 . The solution is assumed to be periodic in the x and y directions with period L x and L y respectively. The incoming wave travels along the z axis from the left and interacts with a ferromagnetic layer of length L m at the right of the domain (shaded). This problem reduces to a one dimensional problem. The incoming wave is Table 1 . Incorporating periodicity into the computations is simple since the time stepping scheme is explicit. In addition we use inhomogeneous boundary conditions by interpolating boundary data. The e ects of this interpolation also needs to be analyzed.
The initial state in the ferromagnet is Outside the ferromagnet, all the elds vanish. This choice of elds gives an initial eld at equilibrium, and r B = 0 at t = 0. The parameters for our numerical experiments are given in Table 1 . We mesh the domain by dividing the z dimension into N z = 300 subdivisions. This implies a z mesh interval of L z =N z . We then choose L x = L y = L z =N z . The resulting prism is then divided into N z cubic cells. Each of these cells is then sub-divided into 6 tetrahedra to form the three dimensional grid. This gives h 0:133m and we take t = 0: . Similar results can be obtained using a one dimensional nite di erence code with N z = 100. This is not surprising in view of the fact that the grid obtained by subdividing cubes into 6 tetrahedra is particularly poor for edge elements (strictly this is only demonstrated for non mass lumped edge elements of the rst type 12] but the same problem is likely to a ict the element used here). Using a grid of cubes subdivided into ve tetrahedra might improve the computation. Obviously the used of elements with better dispersion properties would improve the e ciency of the algorithm, and we are pursuing this approach now. 8 
Conclusion.
We have presented a convergence theory for nite element methods for the Maxwell-LLG equations that includes a variety of elements. The resulting discrete equations have conservation properties similar to the continuous system, and this allows us to prove the error estimates.
Numerical results show that the linear tetrahedral scheme can be applied in three dimensions, but also reveals that the method can be expensive on certain grids. We plan to test higher order approaches in the future, and re ne the error analysis to include mass-lumping and inhomogeneous boundary conditions. Electric field at t=2.474e−07
Figure 6: Here we show the electric eld along the center line of the domain at three times. In the top panel, the incident wave is travelling to the right about to enter the ferromagnet (shaded). Only the y component is visible. In the middle panel the wave has been re ected by the right wall. The ferromagnet has \rotated" the wave and the x (small amplitude) and y components are visible. In the bottom panel the wave has exited the ferromagnet. It is now lower amplitude and rotated. Figure 6 . In the top panel, the incident wave has not entered the ferromagnet so the magnetisation is at the initial state. In the middle panel the wave has been re ected by the right wall. The induced magnetisation is now visible (the larger amplitude wave is the z component). In the bottom panel the wave has exited the ferromagnet. 
